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Abstract—In the present paper a physical-mathematical model for the process of heat and mass transfer
at the interface of a liquid-vapour system is proposed. On the basis of this model and by means of the
conservation equations of mass and energy fluxes, the evolution-equations of the state of a single droplet
in continuum environment are determined. These equations are ordinary non-linear differential equations
which have been numerically integrated in order to give comparisons with experimental results of other

authors.
NOMENCLATURE i, =97}
€5 specific heat; v, = n,/n;;
d, number of degree of freedom ; 1, =T/T;
k, Boltzmann constant ; , highest velocity in the distribution function
L, latent heat of vaporization; of the condensing molecules.
m, mass of a molecule;
n, numerical density; Subscripts
N, nun_lber flux; » a, ambient;
R, radius of'a droplet; c, critical temperature;
5 speed ratio; e, equilibrium;
T, Ferr'xperature, it of I i, incident;
V,  incident velocity of a mol; ) liquid-phase;
W,  drift velocity. . re-emission
dificati .
Greek symbols 5, solidification temperature

¥, = n,/n,; .

= 0 monoatomic gas; Superscripts
é, = 1 biatomic gas; 4,  vaporization;

= 3/2 polyatomic gas; —, condensation.

1. INTRODUCTION

THE VAPORIZATION of a spherical droplet into semi-infinite vapour space is a well known diffusion problem
with free-boundary (the interface between liquid and vapour) and can be studied as a classical Stephan
problem, see ref. [1] and related bibliography. Moreover when the dimensions of the droplet itself can be
compared with the mean-free-path in the vapour a further difficulty arises; in fact the physical-mathematical
model of the continuum mechanics should be substituted, in the vapour phase, by the Boltzmann equation
with suitable matching, on the moving boundary, of this equation with the parabolic ones governing the heat
transfer in the liquid phase.

In spite of the fact that this problem has been studied by many authors, either with the equations of
continuum mechanics (see, amongst the others, Nix and Fukuta [2], Vdovin ez al. {5], Chien [6] and Torda
[7]) or with the equations of kinetic theory in rarefied gas conditions (see Matsushita [3] and Bellomo [9]),
at present the proposed models have a limited range of validity in the sense that they can supply reliable
results only for predominant vaporization in rarefied flow or in conditions of small perturbance from the
equilibrium ones (see ref. [8]).

In this paper we shall propose a physical-mathematical model describing the heat and mass transfer of a
two-phase system. The model is based on a recently proposed phase-transition kinetic theory [9], which has
given theoretical results very close to the experimental ones, and on the matheinatical methods of kinetic
theory [10]. The model gives the time-evolution of the state of a droplet in terms of an ordinary non-linear
differential equation: this equation is here discussed by an analytical and numerical point of view.

The obtained results are compared with the experimental ones of other authors [11].
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2. PHYSICAL-MATHEMATICAL MODEL OF HEAT AND MASS TRANSFER
Let us take into account a spherical droplet with radius R and mean inner temperature 7, suspended in a
vapour environment of temperature T, and number density n, The aim of this work is finding: (1) a
physical-mathematical model describing the heat and mass transfer and {2) an evolution equation, in terms
of an ordinary differential equation, on the state variables T and R.
This mathematical modeling can be achieved with the methods of kinetic theory of gases according to the
following hypothesis:

{a) The vapour molecules impinge the surface of the droplet with a distribution function of maxwellian
type with drift velocity:

T = ngexp{ —|V~W/(2k/m- T,). (1)

In particular, in equilibrium conditions:

W=0, T,=T, n,=n,= f,=n,exp{—V¥2k/m-T)). 2)

{b) The number of molecules which condense or vaporize in the unit surface and in the unit time,
respectively N~ and N*, are given as follows, according to [9]:

N~ =N;-¢: N* =N,¢, ¢e[0,1]. (3)

(¢} ¢ = ¢(T) is the condensation/vaporization function, as it follows from the kinetic theory of phase-
transition and, according to ref. {9], is assumed to be a function, for a given vapour-liquid pair, only of
the temperature of the liquid phase.

(d) The gradients of temperature or density inside the liquid phase are negligible.

(e} The re-emitted molecules (vaporized or scattered) are in equilibrium at the temperature T.

With regard to these hypotheses let us remark that equation (1) gives a model-solution of the Boltzmann
equation and, once W, at fixed values of n, and T,, has been found, can give an adequate approximation.
From equation (1) the unit number and energy fluxes, according to known results of the kinetic theory
[10, 12], can be calculated as follows:

N, = Lnéglv-m-ﬁdv iy 2Km T ) @

E = Ln<0;mV2|v-n|«ﬁdV T )m 175 (2k/m-TY2 KT, £ (s), )
s = W/2k/m T)"?; 3 = exp(—s?)+(m)" s[1 +exrf(s)], (6)
f=(s*+240)x + - s[1 +erf(s)]. 7

In particular, in equilibrium conditions [s = 0, n, = n,(T)], equations (4 and 5) become:

N, —i—m(zk/m Ty 8)

E 2k/m- TY*-kT-(2+6). 9)

T2 )”2

The number fluxes of vaporized and condensed molecules are given by equation (3), where (see [9]):

$(T) = {exp(—y)—1—y}/exp(y); ¥ =y(T) = o(T)/(2k/m" T, (10)
y has the physical meaning given in [9], namely all vapour molecules hitting the surface of the liquid

accommodate in maxwellian equilibrium at the temperature of the surface and condense if ¥ < w, whereas
they are re-emitted if ¥ > w; according to [9], y can be calculated from:

[é_ﬁL(T)/(Zk/m‘ T)—l = jy n‘exp{—nz)dn/j n* exp(—n?)dn. (11)
2 d f N [+ o

Moreover, accotding to hypotheses (d) and (e), the re-emitted energy flux is given by:

E, = N, kT(2+9). (12)
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According to the analytical manipulation of equations (4, 5, 8 and 9) let us now define the following
dimensionless functions:

UL NN, =y 2y y=nn; t=TJT (13)

s LEJE, = 07 f/2+9) (14)

The equations (4-14) give the heat- and mass-transfer physical model once a mathematical expression for
the speed ratio s has been found according to the following limiting physical conditions of the system:

(y=1=1=¢yy=y¥g=1=>5s=0 (equilibrium conditions);

(2) Vrand y » o0 = Yy = NN, = p-11% g > EJE, =7 1 =50
{(condensation with negligible vaporization);

(3) Vtand y 5 Q0= gy = Yz~ 0=>5 > 5., <0 (vaporization into vacuum)
{s is taken negative if the drift velocity is directed from the liquid into the vapour).

From these limiting conditions it follows that a conceivable model for the speed ratio is to assume s = s(u),
i1 = y-1, according to the following further hypotheses:

{f) when vaporization into vacuum occurs, the drift velocity equals the normal mean velocity; from [12]
follows:
(WS 1
Qk/m-T)?  72(2k/m- T,

) 2 . -
LKOIV njexp{ —V?2/(2k/m- T))} dV I

and consequently: Sy, = — 1/[2(0)"%].

(g) ds/dyj, o = 0.
(h) Vu> 1=>520 and Ju* > 0: s(u*) = S0 = {2(m)17]

One of the possible functions which is consistent with the previous constraints is the following:

s= W(y2—~l)-exp{ —u*/3.62} (15)
The behaviour of s vs g is visualized in Fig. 1. The set of equations (4—-15) gives the announced heat and
mass transfer model.
Finally let us calculate the mass and energy fluxes, respectively @ and @, from the vapour volume into
the spherical droplet; according to equations (3, 4, 5, 10 and 12}, taking also into account the dimensionless
quantities of equations (13 and 14), the following expressions can be obtained:

@y = 4nR*m(N~ —N*) = 4nR2N,- ¢y — 1), (16)
®p = 4nR*(E;—E)+(E™ —E*)} = 4nR*N T2 +8)-[¢(dn— 1)+ W —¥n)]- amn

Equation (17) takes into account the balance between the energy flux due to collisions and the one due to
mass transfer (condensation-vaporization), with the assumption, according to hypothesis (e), of complete
accommodation of vapour molecules before re-emissibn or vaporization/condensation at the temperature T
of the droplet.

3. EQUATIONS OF EVOLUTION OF A SPHERICAL DROPLET

Let us consider now a spherical droplet in non-equilibrium conditions in a vapour environment. The state
of a single droplet is then defined by its radius R = R(r) and by its mean temperature T = T(t), while the
state of the outer system is defined by the temperature T, and the number density n, of the vapour in the
ambient far from the droplet.

Let us comment that a time variation of T, and n, can be considered as due to changes of the
thermodynamical state of the outer system itself, without the influence of the presence of the droplet, small
compared with the dimensions of the vapour volume corresponding to the droplet. In any case the variation
of the state of the outer system is of a smaller order compared to the variation of the state of the droplet
during the observation time of evolution of the droplet itself.

The equations of evolution of R and T can be obtained by equaling the mass and energy fluxes respectively
to the following quantities:

d 4 o3
Zﬂ(ﬂR nm) =@y, (18)

4_p3 dT d . o3 d ;s
$nR n,'mc,d—t + (2+6)kTa (57R n,)—L(T)a—t(gnR n-m) = @ 19)



808

Fig. 2.

m

Rx107%,

4
N m

Rx 10"

Y
) m

RxI10”

53

49

03—
S el o
-03 1
) 3 6
"
Fig. 1. svs u.
5. 279
T — 278
4 — 277
R
—l 276
. [ | | 1 275
0 02 04 06 08 1.0
t, s

Evolution of the radius and temperature

spherical droplet (T, = 290K, y, = 0.8).

5.1 284
4.9 — — 282
47~ —{ 280
R
45— - 278
4.3 276
1 ] 1 1
0 ol 20 30 04 05
t, s
F1G. 3. Evolution of the radius and temperature
spherical droplet (T, = 290K, y, = 1.2).
308
— .{ 301
—4 297
T
[+] 0. 0.2 0.3 o4
t, 5
FiG. 4. Evolution of the radius and temperature

spherical droplet (T, = 290K, y, = 0.8).

R. Monaco
8 308
E
7
R — 303
:
.
'
g =
x 6 j— _
fo 301
T
5 | 1 299
o o1 0.2 03

FiG. 5. Evolution of the radius and temperature of a
spherical droplet (T, = 290K, y, = 1.2).

1.00
<>
_—
\\
0.98 \\\ =)
. ~
& A\\
N
E -
- Numerical results \I\
0.96 |— ~
~—- Analytical results 20N
X S
° NS
- 0.94 1
= 0 0.1 0.2
t, s

FiG. 6. Comparisons between analytical and numerical

results: R/Ry vs t.

i P
of a - s/ 2o
277 i i=2
/ //
// <
Va/
VR
x /L
Y/
¢ 7/
Y,
- // V.
[
/
4
—-— Numerical resuits
9% —-—=- Analytical resuits
°
[y
278 1
° 0.1 0.2
t, s
F1G. 7. Comparisons between analytical and numerical
results: T vs ¢.
1.00
of a lum diameter droplet
To=-40°C
L
" L)
aie® ©9% * T,-20°C
x
.
L 2
e . T,=-0°C
080 1 ' L L
0.2 04 06 08 1.0
tx1072, s
of a FiG. 8. Comparisons between theoretical and experimental

results (ref. [11]).



Time-evolution of spherical droplets in vapour environment 809

In particular equation (18) takes into account the time variation of the mass into a spherical volume, while
equation (19) takes into account the time variations of heat and collisional energy due to changes of
temperature, volume and latent heat of vaporization of a spherical droplet.

The analytical manipulation of equations (16—19) gives the following ordinary differential equations:

x=F(x), x=(R,T), F=(F,F,), (20
dR
L F =R (D), (21a)
de
dT _ B g(T)
I_FZ_FZ(RaT)_ R s (21b)

where:
Fi= z(nlmﬂk/"r T)?v-¢Wy—1)
3 L k
g= WV' (2k/m- T)UZT{d’(lI/N_ 1)~CS—T+ (l//rlﬁ)v)(2+5)~;c—s}
L=L(T), v=v(T)=n,/n,
¢ = ¢(T) given by equation (10);
VYn = ¥y (T) given by equation (13);
Wi = Y(T) given by equation (14).
The domain D of the variables (R, T) is defined as follows:
Dig7y= (0, Rppp) (T, To).

In D, F, and F, are continuous functions derivable in all variables. The equations (21a) and (21b) are non-
linear and must be numerically integrated in order to have the behaviour of R and T vs time at given initial
conditions.

In the next section, however, some analytical solutions will be proposed and discussed.

4. ANALYTICAL DISCUSSION ON THE MODEL EQUATION x = F(x)
AND COMPARISONS BETWEEN THEORY AND EXPERIMENT

The differential equation (20) which describes the model of the time-evolution of a spherical droplet can be
numerically treated with known techniques of integration (see ref. [13]).
In particular let us firstly remark the following property:

Property I: if R > 0 the differential equation (20) is locally Lipschitzian [13] in the sense that:
R>0=Vxy, X, 0 [[F(xy, 1) —F(x;, 1)l < allx; —X,}|.
The proof is obvious and consequently the problem of the numerical integration is well-posed.

Taking into account this property, some numerical results are visualized in Figs. (2-5) which show the
evolution of R and T for four different initial conditions [at fixed 1(0) = 7, and y(0) = y,] which correspond
to different physical situations. In particular:

(a) 1 1=Vt dR <0 il 0 (Fig. 2)
a) 10> 1, <l1=Vi: — ), — > ig.
0 Yo dr ar g

this situation corresponds to evaporative heating.
a7 dR )
b)) 1o>1, yo>1=>Vi: —C—it—>0; e* > 0: Vee[t, oo]E-<0 (Fig. 3)
this sitnation corresponds to condensative heating.
dT dR )
©) o<1, yo<l=Vr E<O; * > 0: Vee[r*, OO]E>O (Fig. 4)
this situation corresponds to evaporative cooling.
dR dr )
@ o<1, yo>1=Vt: —>0, —<0 (Fig. 5)

de dt

this situation corresponds to condensative cooling.



810 R. Monaco
The initial conditions play the roie defined by the following property:
Property II: the initial condition R(0) = R, is a scale operator such that: ¢,/R,, = t,/R,, which implies:
R(t;; Roy, To) Roy = R{t35 Roz, To) Ry and Tty; Ry, To) = Tt Roa, Ty)-

This property is a direct consequence of equation (20) re-written in the form (21a), (21b). Consequently the
afore-presented calculations can be extended to a wider range of results.

Besides the above-indicated numerical integration, the problem can be transformed into an equivalent
quadrature process, according to the following proposition:

Proposition: the problem (R,, Tp),, — (R, T), defined by the differential equations (20) and (21) is equivalent
to a quadrature problem of the type: (ty, R}y, — (£, R)y. with T independent variable and (R, t) dependent
variables.

Proof: let us divide equation (21a) by equation (21b):

R _ R-G(T), G(T) F(1) 22
e , =D (22)
the first equation gives:
R T i
ﬁ—:exp{J GdT}=C§(T;Y},} (23a)
RD Ty
by substituting this result in equation {21b) and by integrating:
T
{t—1tg) = ‘[ HAT = (T T,); H{T)= Ry &T; To)/g(T) (23b)
Ta

which proves the proposition.

Remark I: the transformation of problem (20) into a quadrature problem gives a direct information of the
bounds of approximation on R and T, according to the quadrature algorithm [13].

Remark IT: the quadrature indicated by the proposition can lead to analytical solutions of problem (20) in
terms of an expansion of G and H, and consequently to an analytical integration, if G and H are n-
derivable functions of T:

" diG (T-T,)
G(M=G6(T)+)i— 24a)
(T) = G(Ty) ngIKT=T” m (242
" d'H T-T,¥
H(T) = H(T) + Y~ a o (24b)
T dT oy, !
According to this expansion equations (23a), (23b} become:
R n le (T_TO)Hl'

e G(T) (T-Ty))+ > ;— —_— 25
R, exp{ (To}-( o) ;dT‘ rere GH1)! } (25a)
n dtHg (T___'FG)H»X
t—t) = H(L) (T-T) + i — — 25b
{t—15) (To)-{ o) ;dT‘ rere GHD)! {25b)

Remark III: if the system is not close to equilibrium conditions (Y, ¢ # 1), the derivability of G and H is

directly verified according to the structure of the auxiliary functions appearing in G and H.

In the author’s opinion a numerical testing of the procedure can show the convergence of the solution in
terms of power expansion; an analytical discussion of the convergence of the serial expansion would
introduce a large amount of analytical and numerical work unnecessary towards the real objectives of this
paper.

The results of this testing are indicated in Figs. (6 and 7), which show respectively R/R, and T vs t in the
above-mentioned case (a). The dotted lines represent the results of the quadrature process for a truncated
expansion of G and H, while the black lines represent the correspondent numerical results already shown in
Fig. (2). Let us comment that even a second order expansion gives successful results.

Finally in Fig. {8) some comparisons, at different initial temperatures, between the proposed theory and the
experimental results of ref. [11], for a water droplet of 1 pm diameter injected into vacuum, are shown. Let us
remark that this comparison is quite successful, also considering that the chosen environmental conditions
are the limit ones for the proposed model.
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5. DISCUSSION

In the present work a heat and mass transfer model at the interface of a liquid—vapour system has been
proposed starting from a general theory of phase transition [9]. The model has been mathematically
determined with the aid of a set of auxiliary functions y, ¥, and s by imposing some limiting conditions due
to the physical behaviour of the system [see points (1), (2), (3), (f), (g) and (h) of the second section]. The said
model has been then applied to the analysis of the time-evolution of a spherical droplet (in non-equilibrium
conditions) in a vapour environment.

Let us remark that the proposed model can be extended to a wider range of physical situations of the
system. In particular:

(1) if the liquid—phase has a motion with velocity V in the vapour medium, this effect can be taken into
account by changing equation (15) in the following form:

5= 20 (u*—1)-exp{ —p*/3.62} + V/(2k/m- T,)'/*; (26)
T
(2) it may be taken into account a time variation of the state variables of the outer ambient, n, = n,(t) and
T, = T,(¢), as already mentioned in section 3.

Let us also remark that it is important to construct evolution models in terms of an ordinary differential
equation. This is because in the most of the physical problems the system is not constituted by only one
droplet but by a large number of them, and therefore also the distribution function on the state of the object
must be determined (see the discussion in [4] referred to the case of droplets in rarefied environment). In
particular this model has been applied for the study of the dynamics of fog, see [14]; in fact for the study of
such a system it is necessary to know the law of evolution of the droplets belonging to the system itself.

Finally let us note that the problem of time-evolution of liquid droplets is an open area of research, as also
indicated in very recent contributions such as [15], and the proposed model can contribute to construct a
valid theoretical basis for the related class of physical problems in fluid dynamics.
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MODELE PHYSICO-MATHEMATIQUE DE L’EVOLUTION TEMPORELLE DE
GOUTTELETTES DANS UN ENVIRONNEMENT DE VAPEUR

Résumé—Dans cette étude, on propose un modéle physico-mathématique du mécanisme de transfert de
masse et d’énergie au travers d’une interface liquide—vapeur.

En utilisant ce modele et les lois de conservation de la masse et de I'énergie, on a établi les équations
d’évolution de I'état d’'une goutte dans un milieu continu de vapeur. On aboutit 4 des équations
différentielles non-linéaires qui ont été intégrées numériquement ; les résultats obtenus sont comparés a

des résultats expérimentaux d’autres auteurs.
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ZEITLICHE AUSBINDUNG SPHARISCHER TROPFEN IN EINER DAMPF-ATMOSPHARE.
EIN PHYSIKALISCH-MATHEMATISCHES MODELL

Zusammenfassung —In der vorliegenden Arbeit wird ein physikalisch-mathematisches Modell fiir den
Wirme- und Stoffilbergangsvorgang an der Grenzfliche eines Dampf-Fliissigkeitssystems vorgeschlagen.
Auf der Grundlage dieses Modells und mit Hilfe der Erhaltungssitze von Massen- und Energiestromen
werden die Gleichungen fiir die Ausbildung des Zustandes eines einzelnen Tropfens in einem Kontinuum
bestimmt. Diese Gleichungen sind gewdhnliche, nichtlineare Differentialgleichungen, die numerisch
integriert wurden, um Vergleiche mit den experimentellen Ergebnissen anderer Autoren zu ermoglichen.

POCT COEPUYECKUX KAIIEJIb B CPEJE IIAPA. ®U3UKO-MATEMATHUYECKAS
MO/IEJIb

Annoraums — B craThe mpemtoxeHa (H3EKO-MaTeMaTH¥ECKas MOIETb MPOLECCA TENIO- M Macco-

NEpeHoca Ha TPAHMUE pa3fena CHCTeMBbl XKHAKOCThb-nap. Ha ocHoBe 3TO# MomeNnH M ¢ MOMOUIBIO

yPaBHEHHI COXPAHEHHS MOTOKOB MAacChl H 3HEPTHM BHIBEACHB! 3BOJIOLHOHHBIE YDABHEHHS COCTOAHHA

[UIA eAHHMMHOM KaIUIM B CIUIOWIHOH cpele. DTH YPaBHEHHs, ABJIAIOLIMECS OOBIYHBIMH HEHHEHHBIMH

nuddepeHUHANLHBMH YPaBHEHHAMH, OBUIH NPOHHTErPHPOBAHK! YHCICHHO [UIA CPAaBHEHHs C JIKCIEpH-
MEHTaNbHBIMH JaHHBIMH APYIHX aBTOPOB.



